Vehicles on roads are excited to vertical vibrations and velocity fluctuations as the consequence of the up and down of road surfaces. When the driving force is constant and becomes critical when car vibrations are resonant, the uni-modular velocity density bifurcates into bi-modular distributions with two peaks; i.e. the car velocity is fluctuating around two mean values with permanent jumps between both. These effects are derived by means of stochastic road models which are non-linearly coupled to the along and across dynamics of the vehicle.
Introduction into road-vehcile dynamics
First investigations in road-vehicle dynamics [1, 2] are restricted to linear problems since road excitation and vehicle response are investigated through spectral representations. To overcome these restrictions, dynamic road models are introduced in [3, 4] by means of linear stochastic equations under white noise. These road-vehicle models become nonlinear when the car velocity is fluctuating because of velocity couplings of the along and across dynamics of the vehicle [5] . 
Co-variance analysis of road-vehicle models
For more details, let us consider the vertical vibrations and horizontal drift of the quarter car model in Fig.1 . When gravity and dry friction are negligible, they are described by the two equations of motion
In both equations, denotes the vertical road profile process which is generated from white noise by
where Ω is the middle way-frequency and determines the bandwidth of the road process. For constant velocities , Eqn. (1) and (3) are applied to calculate the stationary rms-ratio of road excitation and vehicle response plotted in Fig. 2 for different car damping and road bandwidth . This analysis is completed by evaluating Eq. (2) in order to calculate the expectation %(. ) of the driving force, as follows:
Fig . 3 shows the mean (4) and densities of the force process needed to maintain the velocity constant.
P-bifurcations of the velocity process of the vehicle
More realistic is the inverse problem of fluctuating velocities under constant driving forces. In this case, the singularity *+, -= / in Eq. (2) is eliminated by the vertical velocity Ω of the road. In Fig. 4 , simulation results, obtained by means of bi-linear Euler schemes [5] , are marked by red distribution densities. They are calculated for both, the forward and backward force sweeps, respectively. For decreasing driving force, the uni-modular velocity density bifurcates into bi-modular distributions with two peaks when the driving force approaches the critical lower range where the vertical car vibrations become resonant. In this case, the velocity process of the vehicle is fluctuating around two mean values with permanent jumps between both. For further decreasing driving force, the velocity density is again concentrated around one mean value but with negative velocity values indicating the typical judder behaviour. The measured velocity means are marked by big, red circles. They coincide with the blue back bone curve of the calculated value (4).
